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Abstract: Until recently over 90 percent of the DNA in the human genome was
considered junk DNA, with no known function. However, this non-coding DNA is now
known to harbor elements that perform important functions in gene regulation. In
particular, there is currently much interest in the search for short DNA motifs collectively
known as cis-regulatory elements. Most studies attempt to identify these elements by
means of cross-species comparisons. We have approached the problem of finding cis-
regulatory elements by searching for conserved DNA motifs within genomes. This requires
searching for DNA motifs that are repeated in the genomes either more or less frequently
than expected by random chance. However, the usual chi-squared test cannot be used to
test for the statistical significance of any observed frequency since overlapping regions of
the genome are checked for DNA motif matches. We present here a statistical measure that
has been developed to quantify the expectation and variance of the frequency of a given

DNA motif in a given target sequence that may contain overlapping regions.

Introduction

The regulation of protein-coding gene expression is very tightly controlled in eukaryotes,

necessitated partly by the spatial and temporal intricacies involved in the making of a given
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gene product. The process of regulation is itself also very complex, involving the precise
interaction among dozens of proteins and between the proteins and non-coding DNA in the
vicinity of the protein-coding gene. These proteins, known as transcription factors (TF),
are products of other protein-coding genes elsewhere in the genome that trigger a change in
the expression of the gene in question. The production and binding of the TFs to the DNA
near the gene and the subsequent cascade of reactions that takes place in the vicinity of the
gene constitute the trans and cis parts, respectively, of gene regulation in eukaryotes

(Carroll et al., 2005).

Cis gene regulatory elements are modules of noncoding DNA responsible for binding with
transcription factors to influence how RNA polymerase II transcribes genes. These
elements are typically found in a region of the gene known as the promoter. The most
elemental member of regulatory noncoding DNA is the transcription factor binding site
(TFBS). A TFBS is a stretch of 5-20 nucleotides that allows for the binding of a
transcription factor protein (Rombauts et al., 2003). Transcription factors have specific
binding motifs, although some degeneracy within the TFBS is tolerated (Carroll et al.,
2005).

It is now known that noncoding regulatory DNA allows for changes in regulation of a
given gene in different species without requiring significant alteration of the gene’s protein
coding DNA. For example, regulatory sequences such as those found in upstream
promoter regions, and occasionally in introns and downstream regions, lack the constraints
of coding regions and are therefore free to evolve more rapidly, thus permitting other
changes to the gene product (such as the timing, quantity or location) without affecting the

integrity of the protein itself.
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Discovering novel TFBSs or even recognizing known k-mers (a short DNA fragment of
length k nucleotides) in a genome using standard bench techniques is a difficult and tedious
process that is exacerbated by species- and tissue-specific complexities of the protein-
protein and DNA-protein interactions and the extremely short length of TFBSs (Cvekl et
al., 2004; Xu et al., 1997). Rather, this is an area that would benefit greatly by the use of
computer-intensive tools to narrow down the list of nucleotide k-mers that are likely to be
important in cis-regulation. Realizing this, there have been several recent studies that have
used computational techniques to study cis-regulation (Elemento and Tavazoie, 2005;
Ettwiller et al., 2005; Jones and Pevzner, 2006; Xie et al., 2005; Xie et al., 2007). Most
computational studies infer function from noncoding DNA that is conserved across species.
Furthermore, this function is likely to be regulatory. For example, recently Xie et al.
(2007) searched for conserved long oligonucleotides within a population of human CNEs
(conserved noncoding elements) obtained from an alignment of 12 mammal species, and

were able to find both experimentally validated k-mers with function and novel ones.

Our procedure involves determining the number of exact matches for a given k-mer within
a genome, chromosome, or other target sequence, and then infers the functional
significance of the motif by comparing its frequency to statistical expectations for the target
database. However, determining the statistical significance of the frequency of a given k-
mer in a target sequence (such as a chromosome) is hampered by several factors, notably
that multiple matches for a k-mer may overlap in the target sequence, thus rendering the
chi-squared test inappropriate. In fact, even computation of the expected frequency is not
straightforward since the nucleotides are not distributed uniformly across each
chromosome. However, for the purpose of this paper, we make the simplifying assumption
of a uniform probability among the four nucleotides, in order to develop a simple statistical
test of an observed frequency of k-mer matches in a target sequence. Work is underway to
incorporate this and other biologically realistic scenarios into the framework of the model

developed here.
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The sample space of our theoretical genome (I")

Let A denote a target sequence (e.g., a chromosome) of length [ that is a string of symbols
(e.g., the nucleotides A, C, G, and T) drawn from the set @, and let I" be a set of
sequences, each representing one replicate of the target sequence. We then define our
sample space I' as the set of all possible strings A of length / composed of the symbols from

set of symbols ©:
= {k|k is a string of symbols ¢, i =1,...[, and g, € (D}.

Note that in this paper, we assume that each symbol occurs with equal probability along the
entire length of the sequence A — a simplifying assumption regarding the structure of

molecular sequences.

We now define  as a k-mer — a short string of symbols of length & (where k<l ) , from

our symbol set ®. For example, C could represent a DNA fragment that is in the size range
of most transcription factor binding sites (TFBSs). The problem consists of testing for the
statistical significance of the frequency of exact matches of a given k-mer (candidate
TFBS) in a target sequence .. However, since two or more matches of a given k-mer may
overlap in A, these events are not independent of each other. Under these circumstances,
the usual chi-squared test cannot be used. Therefore, we need to compute the expectation
and the variance of the number of matches in order to develop a Z-test to evaluate the

statistical significance of an observed frequency of matches for a given candidate TFBS.

The Random variable X, defined on I" and its expected value and variance

We define X; as a Bernoulli variable that gets a value of 1 if a given k-mer, {, matches
exactly the target sequence A (denoting success) starting at position i, and a value of 0 if it

does not (Figure 1, below):
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X, =

(1)

1 for W, =4, ) j=12,3 ..k
0 otherwise.

The subscript i will vary over all potential match positions in the target sequence,
(i=1,...,N where N =[—-k+1). For a given target sequence, then, we will then have N
random variables, each representing a position in the target sequence beginning at which
there is a possible match with each of the corresponding symbols in the given k-mer of
interest. In equation (1), g; is the symbol at position i in a random sequence, A, from our
sample spaceI’, w;is the symbol at position j in the k-mer, {, and 1 <j <k. In other words,
if all the symbols in { match the corresponding symbols, starting at position i, in A,

then X, =1, else X; = 0. For example, Figure 1 shows {, a 5-mer, in which all the symbols
match exactly the corresponding symbols in the target sequence, A, starting at position i,

and therefore, X; = 1.

XN —
.. .CGACGACiATGA. . . target string, A

Candidate TFBS, { —— GAC
§=12345

Figure 1. A perfect match between a candidate TFBS, { (= GACGG) and the target string,

A, at position i. Here, the Bernoulli variable X; = 1 because a perfect match is found.

The probability function for X, over our sample space I" can be defined as follows:
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p()=P(x,=0)=TT P, =v0)=[*] o

P(w £V, forsome]) 1- P(Xi=1)=1—(lj , 3)

;::l» X

p(O) X O =

where p is the probability function of our random variable X, , k is the length of the given
k-mer, and s is the cardinality of our symbol set (|d)| = s) . Note that we have the same

function p for each of the random variables when X; = 1, and similarly when X; = 0. This
results from our simplifying assumption that each symbol in ® occurs with equal
probability along the entire length of the sequence A. Thus, the probability of a match of

the /" position of the k-mer at a given position i in a random sequence is independent of

any other position in the random sequence giving us, P (w = Vi j_l)) = (—j . This is true
s

for all i (1 <i<N ) in our domain of consideration. This results in a probability dependant

only on the number of symbols we have in our symbol set (a constant w.r.t. the subscript i.)
In addition, the probability of a given symbol in { matching the corresponding symbol in A

is independent of the probability of matching of any other symbol in the two strings. This
k
allows us to use the product law of probability and obtain the quantity (lj in (2) and (3)
s

above.

This nature of our random variables causes the expectation for any X; to become:

- Z x-p(x)= [O-P(O)+1-p(l)}:[§jk, wheres:|®| (4)

x=0,1

e e OR H) RS RDRDIECI R

Equations (4) and (5) are consistent with the well known results for a Bernoulli random

variable.
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The total matches T (X e X N) on a genome for a given k-mer

In order that a k-mer, , be considered a good candidate TFBS or element with regulatory
function, it must be present in the target sequence, A, at a frequency that is statistically
greater than (or less than) that expected by random chance. The number of occurrences of
the k-mer in a given A from our sample space can be obtained by a summation of all the
values of all of the random variables X; over all positions in A. In other words, the total
number of matches 7, is a function of all of the random matching variables X; and is

expressed as follows:

T=f(X,..Xy)=2.X, (6)

The random variable T expresses the total number of matches of a given k-mer for our
target genome. Therefore, the expected value of T will represent the expected value for the

total number of matches of our k-mer:

E[T]=E[f(X,,n X)) ]= E{iX} = iE[Xl.] = i(é)k = N(ljk. (7)

i=1 i=l1

The variance of T

As mentioned earlier, the probability of a given symbol in { matching the symbol in the
corresponding position in A is the same for all positions (because of our simplifying
assumption of uniform probabilities for all s symbols across A) and thus, independent of
another symbol matching in another position. However, this does not exclude the
possibility of overlapping matches for multiple instances of the same k-mer in a given
target sequence, rendering two random variables, X; and Xj, for a given k-mer non-

independent if there is an overlap (Figure 2 below).
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XN ——
GACGA
. . . CGAICGAICGATGA. . . target string, A
GACGA

Figure 2. Overlapping exact matches for a 5-mer on a target sequence.

Recalling the definition of T as the sum of non-independent random variables, we obtain

the following:

V(T)ziV(Xi)+2ZZC0v(Xi,Xj), N=(1-k+1), (8)

i<j

where Cov(X,.X )= E[ XX, |- E[X,]E[X ]. 9)

Therefore, V(T) can be represented by the variance co-variance matrix of the random

variables X ,..., X, as follows:
6211 6212 O-213 Gzlk 0 0 0
6221 0-222 J223 T O-zzk 0-22(k+1) 0 E
(7231 6232 0233 o 023k 023(k+l) 023(1<+2) :
. : . . . . . 0
V= szl szz 62k3 I * ° e o . (10)
0 Gz(k+1)2 62(k+1)3 ® * ° o o
0 0-2(k+2)3 ° ° ° e o
) . ° ° ° o o
0 0 0 ° ° ° e o

Here, V is an N xN square matrix where N = (I — k+ 1), the number of positions in A that

can be compared with a given k-mer for a match. The sum of all the elements in the matrix
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is the variance of 7, with the main diagonal elements being V(X;) and the off-diagonal
elements representing the covariance terms of X; and X;. Note that the sum of the main
diagonal elements is equal to the first term in equation (8) and the sum of the off-diagonal

elements is the double sum term of Cov(X;, X)), for i <j.

The E[X,]E[X,] terms and non-zero elements in V

J
Let us first consider the terms of the variance co-variance matrix, V, where X; and X
represent non-overlapping segments of the target genome, noting that this condition arises

when| Jj—i | > k . Under this condition of no overlap, X; and X; are independent. Therefore,

E (X X j) =E[X,]E[X,]. The corresponding elements of V then become zero, and we

J

need only consider the Cov(X »X j) elements, Where| j—i | <k.

We now reduce the double-sum into two terms, one for the expectation of the product of

two variables and the other the product of the expectations of two variables. We also limit

the summation over all non-zero terms in V, that is, where 0 < ( Jj— i) < k . These are terms

where the positions of the k-mer associated with the X; and X; trials overlap. Equation (8)

now becomes:

N N 0<( j—i)<k 0<( j—i)<k

V(T):N(le{l—(ljk}+7{z > E[xX;]-> > E[X]E[X]] (11)

We further reduce this equation by observing that the last term is a double sum of constant

k
. . 1 e .
terms, since the expectation of E [X ,.] = (—j for any i. It is a constant for all our trial
s

variables, dependent on only the number of symbols (s) and the length of £ (k). This gives

us:

V(T)= N(%)k {1 —(Sk}u 2[(ZO<(;)<k E[Xl.xj]j - DGJM}’ (12)
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whereD:{N(Z\;_l)}{w—“;)m_kq, N=(I-k+1). (13)

Here, D represents the number of terms in the double sum in equation (11) or the non-zero

terms in the upper triangle of V.

Shift Symmetry in

Here we will digress a little from our discussion of variance and the idea of matching a
target sequence with a motif and define a property of a given motif or k-mer. We will use
this property latter in our continuing discussion of the variance of 7. A given motif is said
to have a shift symmetry of order r, if the first k —r positions of the k-mer match the last
k —r positions. Note that a given k-mer can have zero or more such shift symmetries and
may have as many as k —1 non-trivial shift symmetries. In addition, the sub-sequence
associated with the symmetry may be longer than half the length of the k-mer, resulting in

an overlap in the leading k —r positions with the trailing k —r positions.

More formally we define the set of shift symmetries ¥ for a given k-mer C, as the set of all
natural numbers r, such that C has a shift symmetry of order r. The set of non-trivial
symmetries ¥ is the set of all Natural numbers r, such that

w;=w,,,, j=L.,(k=r) and 0<r <k for the given k-mer. In set notation:

\P:{weN\wj:w forj=1,...(k—r) and 0<r<k}, (14)

Jj+r?

where w; is the symbol in the j th position of the k-mer. Figure 3 below shows an example
of a 9-mer with ¥ = {3, 6}. In addition, our definition of ¥ excludes the trivial symmetry

where r =0.
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Tj T’jﬂ

‘AG GGAGG
r=3 | AGGAGGAGG
(k—-r)=6

ws Wits

l l

AGGAGGAGG
r=6 GGAGGAGG

(k-r)=3

Figure 3. A 9-mer with a shift-symmetry of ¥ = {3, 6}.

The 9-mer in Figure 3, AGGAGGAAG, has two shift symmetries. The first symmetry where
r =3, has the sub-sequence AGGAGG occurring at the beginning and repeated at the end
with an offset of 3 (r =3.) In addition, there is overlap in this symmetry for the given
sub-sequence. For this same 9-mer, the symmetry corresponding to r = 6, has the sub-

sequence AGG at the beginning repeated at the end.

Some other examples of 9-mers with non-trivial shift symmetries are:

GGGGGGGGG, ¥ = {1,2,3,4, 5,6, 7, 8}; AGGTCAAGG, V¥ = {6}
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The E [X X j] terms and Shift Symmetry

Of particular interest is the variance of 7 defined on our sample space is dependant on the

shift symmetries ¥ of the k-mer and more specifically the only terms dependant on ¥ are

the E[XIXJ terms.

We now show that the E [X X J terms in equation (12) depend on the shift symmetry ¥

of the specific k-mer of interest. By definition, the expected value of the product of two

Bernoulli trials of a k-mer is given as

E[XIXJZZ xixjp(xi,xj). (15)

X; X/-

Here p is the joint probability function and x, and x; represent the values of our random

variables, X; and Xj, respectively. Expanding the sum on the right hand side of equation

(15) gives us:

>3 xx;p(x.x;) = (0-0)p(0,0)+(0-1) p(0,1) +(1-0) p(1,0) + (1-1) p(L, ). (16)

The only non-zero term in equation (16) is the last term:
E[XX,]= P(X,=1X,=1)=p(LD).
Figure 4 reveals that the only condition in which the k-mer will match the target sequence

at both overlapping positions #, and j is when the motif has a shift symmetry of order r, that

is, when ¥ #and j—i=r eV, otherwise p(l,1) is zero.

For those cases when p(1,1) # 0, that is, when j—i=r eV, the probability is that the

combined string consisting of the & positions of the k-mer followed by the last r positions of

the k-mer match the k + r positions in the target sequence beginning at i (Figure 4).
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X, X. .3

i iTr 7

| |

. . .ACTTAGGAGGAGGAGGTGGG. . .
9-mer-> AGGAGGAGG
AGGAGGAGG

k+r

Figure 4. The joint probability, p(1,1).

We now have the expression for the final terms for the variance of 7.

1k+r

- =W, i=1,....,(k— VY
E[X.X,,]=p(.])= (J when Wy =Wy j=boo(kor)andre (17)

0 reV¥

When a given k-mer has ¥ = (null set) the double sum in equation (18) will be zero.
However, when ¥ # J and letting r take on the set of shift symmetry values for the given

k-mer, we have:

)Y Y E[xx,]-254 Gj W=l ), (18)

0<( j—i)<k re¥
where,
A=N-r, re¥ (19)

A, 1s the number of terms in the upper triangle of the variance co-variance matrix, V,

corresponding to the given shift symmetry element, r. Note that this will be a diagonal of

elements &7, ; Where 0 < ( Jj- i) = r, for the given symmetry value r.
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Note that on the left hand side of equation (18), we are limiting the double sum over the
elements where there is overlap; the summation can now be further reduced by observing
that the terms in the equation are zero for elements in V that do not match their
corresponding overlap positions (Equation 17). This reduction can be noted in the right-

hand side of equation (18) where the sum is over r € \¥' .

Conclusion

Expressions for the expectation and variance frequency of occurrence variable 7 for a

specific k-mer in our sample space now become the following:

E[T]=N(lj , N=(-k+1) (20)
S

GEBIROIE BN EEN

D:{N(N—l)}{(N—kﬂ)(N—k)} 22)

2

A=N-r, re¥ (23)

These expressions now allow us to formulate a Z test to evaluate the statistical significance
of the size of an observed frequency of matches for a given k-mer in a specified target
sequence such as a chromosome. It must be noted, however, that the above model has been
developed with a number of simplifying assumptions such as equal probability of

occurrence (uniform probability) of each of the four nucleotides. Each position in the
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genome is also assumed to have values independent of the other positions (the uniform and
independence assumption.) Other complexities needed to be incorporated in future studies
include varying probabilities of occurrence of nucleotides along the length of the target

sequence, the problem of negotiating boundaries between regions of differing probabilities,

and degeneracy in the TFBS (where the match need not be perfect).
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