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ABSTRACT. It has been observed in laboratory experiments that when non-
linear dispersive waves are forced periodically from one end of undisturbed
stretch of the medium of propagation, the signal eventually becomes tempo-
rally periodic at each spatial point. The observation has been confirmed math-
ematically in the context of the damped Kortewg-de Vries (KdV) equation
and the damped Benjamin-Bona-Mahony (BBM) equation. In this paper we
intend to show the same results hold for the pure KdV equation (without the
damping terms) posed on a bounded domain. Consideration is given to the
initial-boundary-value problem
ut + Up + Uz + Uzze =0, u(z,0) = ¢(z), 0O<z<l1,t>0,
(%)
u(0,t) = h(t), u(1,t) =0, uz(1,¢) =0, t>0.

It is shown that if the boundary forcing h is periodic with small amplitude,
then the small amplitude solution w of (%) becomes eventually time-periodic.
Viewing (*) (without the initial condition ) as an infinite-dimensional dynam-
ical system in the Hilbert space L2(0, 1), we also demonstrate that for a given
periodic boundary forcing with small amplitude, the system () admits a (lo-
cally) unique limit cycle, or forced oscillation, which is locally exponentially
stable. A list of open problems are included for the interested readers to con-
duct further investigations.

1. Introduction. In this paper we consider an initial-boundary-value problem
(IBVP) of the Korteweg-de Vries (KdV) equation posed on the finite domain (0, 1),
namely,

Up + Uy + Uy + Ugee = 0,  u(x,0) = ¢(x), O<z<l, t>0,
(1)
w(0,t) = h(t), w(l,t)=0, wu.(1,t)=0, t>0.
Guided by the outcome of laboratory experiments, interest is given to long time
effect of the boundary forcing h and large time behavior of solutions of IBVP (1).
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In the experiments of Bona, Pritchard and Scott [1], a channel partly filled with
the water mounted with a flap-type wave maker at one end. Each experiment
commenced with the water in the channel at rest. The wave-maker was activated
and underwent periodic oscillations. The throw of the wave-maker and its frequency
of oscillation was such that the surface waves brought into existence were of small
amplitude and long wavelength, so it can be modeled by either Benjamin-Bona-
Mahoney (BBM) type equation posed in a quarter plane:

Up + Uy + UUE — Ugzr — QUze + yu = 0, z>0,t>0,

(2)
u(z,0) =0, u(0,t) = h(t), x>0, t>0,

or the Korteweg-de Vries (KdV) type equation posed in a quarter plane:
U + Uy + Uy + Uggr — QUL + YU = 0, z>0,t>0,

(3)
u(z,0) =0, u(0,t) = h(t), x>0, t>0,

where « and - are nonnegative constants that are proportional to the strength of
the damping effect. The wave-maker is modeled by the boundary value function
h = h(t) which is assumed to be a periodic function of period 7.

It was observed in the experiments that at each fixed station down the chan-
nel, for example at a spatial point represented by xg, the wave motion u(xg,t),
say, rapidly became periodic of the same period as the boundary forcing. This
observation leads to the following conjecture for solutions of IBVPs (2) and (3).

Conjecture If the boundary forcing h is a periodic function of period T, then
the solution w of IBVP (2) or IBVP (3) becomes eventually time-periodic of period
T, i.e.,

lim Hu(, t+ 7') — u(-, t)HLZ(RJr) =0.
t—oo

Furthermore, the following mathematical questions arise naturally.

Questions: Assume the boundary forcing h is a periodic function (of period T).
(1) Does the equation in (2) or (3) admit a time periodic solution u(x,t) of pe-
riodic T satisfying the boundary condition? Such a time-periodic solution, if
exists, is usually called a forced oscillation.
(2) If such a time periodic solution exists, how many are there?
(8) What are their stability if those forced oscillations exist?

In [3], Bona, Sun and Zhang studied the KdV type equation (3). Assuming the
damping coefficient v > 0, they showed that if the the amplitude of the boundary
forcing h is small, then the solution u of (3) is asymptotically time-periodic satisfying

(- t+7) — u(-, t)|| p2(re) < Ce™ " for any t > 0,
where C' and [ are two positive constants. In addition, they demonstrated that the
equation in (3) admits a unique time-periodic solution u*(z, t) of period 7 satisfying
the boundary condition, which is shown to be globally exponentially stable in the
space H*(R') with s > 1, i.e, for a given initial data ¢ € H*(R™), the unique
solution u(z,t) of (3) with zero initial data replaced by ¢(x) has the property

lu(-st) =" ()l s (ry < Ce Pt
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for any ¢ > 0 where C' > 0 is a constant depending only on [|¢|| g=(g+). Later, the
BBM type equation (3) was studied by Yang and Zhang [22]. The similar results
have been established while assuming that the damping coefficients a and v are
both positive.

Earlier, the same problems had been studied by Zhang for the BBM equation
[23] and the KdV equation [24] posed on the finite interval (0, 1):

Ut 4 Uy + UU — Uggt — AUz + YU = 0, O<ax<l, t>0,
u(z,0) =0, 0<z<1, (4)

u(0,t) = h(t), u(l,t) =0 t>0,

and
Ut + Uy + UUp + Uggy — QUL + Yu = 0, z>0,t>0,
u(z,0) =0, 0<x<1, (5)
u(0,t) = h(t), u(1,t) =0, ugy(1,8) =0, t>0.

Assuming either @ > 0 or v > 0, Zhang [23, 24] showed that if the boundary forcing

h is a periodic function of period 7 with small amplitude, then both solutions of the
IBVPs (4) and (5) are asymptotically time periodic (of period 7). Moreover, both
equations admit a unique time periodic solution satisfying the boundary conditions
which is globally exponentially stable.

In the above cited works, it is required that the damping coefficients a and
v are greater than zero, or at least one of them is greater than zero. It would
be interesting to see whether the results reported in those works still hold when
both damping coefficients a and v are zeros. This leads us to consider the IBVP
(1) of the KAV equation posed on the finite interval (0,1). We will show that,
though there is no explicit damping term in the equation, the solution u of the
IBVP (1) is asymptotically time-periodic if the boundary forcing h is periodic with
small amplitude and the initial date ¢ is small in certain space. We will also
demonstrate that for a given small amplitude, time-periodic boundary forcing h,
the equation in (1) admits a (locally) unique time-periodic solution u* satisfying
the boundary conditions. This time-periodic solution will be demonstrated to be
locally exponential stable in the space L?(0,1).

The paper is organized as follows. Section 2 is devoted to the associated linear
systems. Both homogenous and non-homogeneous boundary values problems are
studied. Long time behavior of their solutions is investigated. The results pre-
sented in this section are essential for the study of the nonlinear systems. The
study of long-time behavior of solutions of the nonlinear system (1) is conducted
in Section 3. In particular, time-independent bounds on solutions are presented,
which are essential for the main analysis that is developed in Section 4 in which the
existence, the local uniqueness and the local exponential stability of time periodic
solutions(forced oscillation) are established. The paper is concluded with Section
5 where a list of open problems are provided for the interested readers to conduct
further investigations.

We end our introduction with a review of terminology and notation. For an
arbitrary Banach space X, the associated norm is denoted by | - ||x. If (a,b) is a
bounded interval in (0,00) and k is a nonnegative integer, we denote by C*(a,b)



4 MUHAMMAD USMAN AND BING-YU ZHANG

the collection of functions that along with their first k& derivatives, are continuous
on [a,b] with the norm

I fllck(ap) = sup |f9 ()]
w€(a,b),0<j<k

For 1 < p < o0, LP(a,b) connotes those functions f which are pth-power absolutely
integrable on (a,b) with the usual modification in case p = co. If k > 0 is an integer
let H*(a,b) be the Sobolev space consisting of those L?(a, b)-functions whose first
k generalized derivatives lie in L?(a,b), equipped with the usual norm

k
Hf”?qk(a,b) = Z ”f(])”%?(a,b)'
§=0

If s > 0 is a real number and k < s < k4 1 for some integer k, then H*(a,b) is the
standard interpolation space of H”(a,b) and H**!(a,b). In this paper, the space
H?(a,b) will occur often with (a,b) = (0,1). Because of their frequent occurrence,
it is convenient to abbreviate their norms thusly;

- lls =11 lla=0,0) |+ ls,@apy = - [lE=(a,p)-

For 0 < T < o0 and 1 < p < oo, LP(0,T; X) denotes the Banach space of all
measurable functions v : (0,7) — X such that, ¢ — ||lu||x is in L?(0,T), with the
norm

1
T P
Ilullmo,m:(/ ||u<t>||§dt> it <p<oo,
0

and the obvious modification if p = co. In addition, C(0,T; X') denotes the Banach
space of all bounded continuous functions w : (0,7) — X, such that ¢t — |Ju||x is
continuous and in L*°(0,T), with the norm

[ulley0,mx) = sup [u(t)]x.
0<t<T

2. Preliminaries. In this section we first consider the following IBVP of the linear
KdV equation with homogeneous boundary conditions:

Ut + Uy + Ugge =0, u(z,0) = ¢(x), O<z<l, t>0,

(6)
u(0,t) = u(1,t) = u,(1,t) = 0.

Its solution u can be written in the form
u(z,t) = W(t)o
where W (t) is the C°—semigroup in the space L?(0,1) generated by the operator
Af — _f/ _ f///
with its domain D(A) = {f € H3(0,1); f(0) = f(1) = f'(1) = 0}. The following
results are well-known (cf. [16, 4, 13]).

Proposition 2.1. Let T > 0 be given. For any ¢ € L*(0,1), the IBVP (6) admits
a unique solution u € C(R*; L?(0,1)) N L*(0,T; H(0,1)). Moreover, there exists a
constant C' > 0 depending only on T such that

sup _|[u(:, )0 + [lullz2(0,7:m1(0,1)) < CllBllo- (7)
0<t<T
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In addition, there exists a constant 3 > 0 such that for any ¢ € L?(0,1),
[u(-,t)lo < Ce™(|¢]lo (8)
for any t > 0 where C > 0 is a constant.
For given T'> 0 and ¢t > 0, let Y; 7 be the space
Yir = {veCyt,t+T;L*0,1))|ve L*tT+t;H(0,1))}
which is a Banach space equipped with the norm

[vllv,r = sup [lo(,)]lo + vl L2t 47581 (0,1)) -
t<t! <t+T

In addition, let Y7 be the space
Y = {f(@0)] f € Yip for any ¢ > 05 sup |l , < +o0}
t>

The space Yr is also Banach space when equipped with the norm

[ fllvz =sup (| fllvi -
t>0

Using the semigroup property of the IBVP (6) and Proposition 2.1, one can conclude
that the following estimate holds for solutions of IBVP (6).

Theorem 2.2. Let T > 0 be given. For any ¢ € L?(0,1), the unique solution u of
(6) belongs to the space Yy for any t > 0. Moreover, there exist constants C > 0
and B > 0 independent of T and ¢,

HUHYjT < O|‘¢||0€7’6t for any t > 0. (9)
Note that, choosing t = 0, estimate (9) reduces to an improved version of estimate

(7) since the constant C' is estimate (9) is independent of T" while the constant C
in estimate (7) may depends on 7.

Proof: Multiplying the both sides of the equation in (6) by 2zu and integrating
over (0,1) with respect to z,

1 1 1
— | au?(x,t)dx + 3/ u?(x,t)dr = / u?(z, t)da.
dt Jo 0 0

Thus, for any T > 0,

T 1 1 1 1 T 1
/ /ui(w,t)dw < */ d>2(x)da:+f/ /uQ(x,t)d;v
0 0 3 0 3 0 0
Lo Lo (1 os
< 3ol + Il | e e
1 _
< S@+876l?

Consequently,
lullve » < Cllollo

for any T' > 0 where the constant C' is independent of T'. Furthermore, using the
semigroup property of (6) and Proposition 2.1, for any ¢ > 0 and T' > 0,

[ullyi, iz < Cllut,t)llo < Ce™ | 6o-
The proof is complete. [J
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Next we consider the nonhomogeneous boundary value problem

Ut + Ug + Ugae = 0, u(z,0) =0,
(10)
u(0,t) = h(t), u(1,t) = uz(1,t) = 0.

According to [4], the solution u of (10) is given by
u(t) = Wi(t)h,

where Wj(t) is the boundary integral operator associated with (10) (cf. [1]). The
proof of the following proposition can be found in [4].

Proposition 2.3. For given T > 0 and h € H3(0,T), the IBVP (10) admits a
unique solution u € Yy v satisfying

[ullyo » < Clhlx 0,1
where C' > 0 is a constant depending only on T'.

‘We now turn to consider the IBVP
U + Up + Ugze = 0, u(z,0) = ¢,

(11)
w(0,8) = h(t),  u(l,t) =uy(1,t) =0

for long time behavior of its solutions. The following theorem is an extension of
Theorem 2.2 to the IBVP (11).

1
Theorem 2.4. Let T > 0 be given. For a given pair (¢,h) € L*(0,1) x H?
then corresponding solution u of (11) satisfies

(RF),

[uls Oy psr < Cre™||¢llo + Czozltl;;t 7l s o 1)
for any t > 0 where, 8 > 0 is as given in Theorem 2.2, C1 is a constant independent
of T and Cs is a constant depending on T'.
Proof: Note the solution u can be written as
u(t) = W(t)p + Wy(t)h := uy + us.
By Theorem 2.2 and Proposition 2.3,
sy or < Cre= 161l
for any t > 0,

luzlly; or < Cre™ ™ llua(, )llo + CTlhly 4 arr),

IN

Cre” T |lug(-,t = T)|lo + Cf (CIG_BT|h‘%,(t—T,t) + |h|§,(t,t+T)> J

Gl )
——— su VIO
1—e 6T ogt%t T

The proof is complete. [J
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Next, consideration is given to an abstract result about a sequence in a Banach
space X generated by iteration as follows:

Ynt1 = Ayn + Fyn), n=0,1,2---. (12)
Here, the linear operator A is bounded from X to X with
[Aynllx < llynllx (13)

for some finite value v and all n > 0. The nonlinear function F' mapping X to X is
such that there are constants §; and G2 and a sequence {by, },>0 for which

1 (yn)llx < Bullyallx + B2llynllX + ba (14)
for all n > 0. The following two lemmas apply to such a sequence whose proofs can
found in [3]. These lemmas will find use in Sections 4.

Lemma 2.5. If B2 = 0 in (14) and r = v+ B1 < 1, then the sequence {y,}52,
defined by (12) satisfies

*

1—7r

(15)

lynt1llx <™ Hlyollx +
for any n > 1, where b* = sup,, 5 by.

Lemma 2.6. If B2 # 0 in (1/) and r = v+ (1 < 1, then there exist r1 with
0<r; <1, >0 and d3 > 0 such that if ||yol|x < 61 and b, < 6o for all m > 0,
the sequence {yn 2, defined by (12) satisfies

*

1—1r

lyn+1llx < 77+ lyollx + (16)

for any n > 1, where b* = max,,{b,}.

Finally, we consider the initial-boundary-value problem for a linearized KdV—
equation with a variable coefficient, namely
Ut + Uy + (au)x + Upza = 07 u(xv 0) = ¢’
(17)
u(0,t) = h(t), u(l,t) = uy(1,t) =0
where a = a(z,t) is a given function. The following result is known (cf. [4]).

Proposition 2.7. Let T' > 0 be given. Assume that a € Yor. Then for any
(¢,h) € Xo = L*(0,1) x H3(0,T), the IBVP (17) admits a unique solution
u € Yo 1 satisfying

||uHY0,T < ILL(HGHYO,T)H(¢7 h)”XO,T
where p: RY — RT is a T—dependent continuous nondecreasing function indepen-

dent of ¢ and h.

Our next theorem presents an asymptotic estimate for solutions of the IBVP
(17).

Theorem 2.8. There exists aT >0, 7 >0 and § > 0 such that if a € Y and

lallyz <9,

then for any (¢,h) € L?(0,1) x HS

2.(RT), the corresponding solution u of (17)
satisfies

[u(-,t)]lo < Cre™ ™ [[¢llo + C2 sup Ihls (nt,(nr1))

for any t > 0 where Cy and Cy are constants independent of ¢ and h.
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Proof: Rewrite (17) in its integral form

w(t) = W()é + Wi(t)h — /0 W(t = 7)(au)o (r)dr.

Thus, for any T > 0, using Theorem 2.2 and Proposition 2.3,
T
(-, T)lo < CfMWMWH%ngn+1;WWMMUWT
< Ce Mgl + Crlhls o1y + Crlally ,llullv,
< €)oo+ Crlhly 0.1 + Crllallyr alllallyr) (Il + 1Al o.r)

< Ce " |gllo + Crllallye rp(lallye ) 8llo + Cr (L + lallvy 2 ullallve. )IBl 1 o0,1)-
Note that in the above estimate, the constant C' is independent of T'. Let
yn = u(-,nT) forn=0,1,2,---

and let v be the solution of the IBVP

Ut + Vg + (a0)z + Vaze = 0, 0(2,0) = yu(@),
(18)
v(0,t) = h(t +nT), v(l,t) = v, (1,8) =0

Thus yp+1(z) = v(z,T) by the semigroup property of the system (17). Conse-
quently, we have the following estimate for y,, 41 :

||yn+1||0 < Ce_BT”yn”O+CT”aHYnT,(n+1)T/”’(||a||YnT,(n+1)T)”ynllo

+ Cr(l+llallv,rpnrtllally,r e DR L (or ()
for n =0,1,2,---. Choose T and § such that
Ce™PT =~ <1, y+Crou(d):=r<1.
Then,

lynt1llo < rllynllo + bn

for all n > 0 if ||a||ly, < 6 where

b, = CT(]. + ||CL

KLT,(n,+1)T/‘L(||a||YnT‘(n+1)T))‘h|%,(nT,(’n+1)T)’

It follows from Lemma 2.5 that

*

lnsillo < rllgallo + —

for any n > 0 where b* = sup,,»ob,. This inequality implies the conclusion of
Theorem 2.8. [
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3. Long time asymptotic behavior. In this section, attention is turned to the
long-time behavior of solutions of the IBVP of the KAV equation posed on the finite
interval (0, 1)

Up + Uy + ULy + Ugze =0, x € (0,1),

u(,0) = ¢(x), € (0,1), (19)

uw(0,t) = h(t), u(l,t) =0, wu,(1l,¢)=0.

This problem is known to be locally well-posed in the space L?(0,1) (cf. [4]).

Proposition 3.1. ' Let T > 0 be given. For any any (¢,h) € Xor there exists a
0 <T* <T such that (19) admits a unique solution u € Yy 1=.

This well-posedness result is temporally local in the sense that given s-compatible
auxiliary data ¢ and h, the corresponding solution w is only guaranteed to exist on
the time interval (0, 7%*), where T* depends on the norm of (¢, h) in the space Xg .
The next proposition presents an alternative view of local well-posedness for the
IBVP (19). If the norm of (¢,h) in Xy is not too large, then the corresponding
solution is guaranteed to exist over the entire time interval (0, 7).

Proposition 3.2. Let T > 0 be given. There exists a § > 0 depending on T such
that if (¢, h) € Xor satisfying ||(¢, h)||x,» < 9, then (19) admils a unique solution
u € Yy, r. Moreover there ezists a constant C > 0 independent of T such that

”u”Yo,T < C||(¢ﬂ h) ”XO,T'

Proof: The proof is based on the contraction mapping principle and is similar to
that of Proposition 3.1 with a slight modification. [J

Next we show that if § is small enough, then the corresponding solution u of (19)
exists for any time ¢ > 0 and its norm in L?(0, 1) is uniformly bounded.

Theorem 3.3. There exist positive constants T', 05, j = 1,2 and r such that if
[6llo < 61, sup |hl1 (T, (ns 1)) < 02, (20)

then the corresponding solution u of (19) is globally defined and belongs to the space
Cy(0,00; L%(0,1)). Moreover,

[u(-,8)lo < Cre™™|[@]lo + Co SuPlhl (nT\(n+1)T)
for any t > 0 where C; > 0 and Co >0 depend only on 01 and 0.

Proof: For given ¢ € L?(0,1) and h € H
integral form

(R“'), rewrite the IBVP (19) in its

loc

u(t) = W(t)é + Wo(t) /Wt—T (i) () dr-

For given T' > 0, according to Theorem 2.4, there exist C; > 0 independent of T'
and Cy, C3 depending only on T such that for any 0 <t < T,

[u(-t)llo < Cre™"|¢llo + Callully, . + Calhls 0.1 (21)

1
f h € Hli:re(R"') for some € > 0, then the IBVP (19) is globally well-posed, i.e., T* = T.
In fact, the IBVP (19) is known to be globally well-posed in the space H®(0,1) (s > 0) with
s—compatible pair (¢, h) € H*(0,1) x HZO? +n(9)(R+) where n(s) = € if 0 < s <3 and n(s) =0
if s > 3.
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By Proposition 3.2, there exists a § > 0, if

(&, )l 0. <6, (22)
then
lullvo.r < Call(¢, h)ll x0.r-
Thus, if (22) holds and (21) is evaluated at t = T,

. Dllo < Cre™ T gllo + C (161 + 1113 (o.7) + Clhly 0.2

with C5 = 2C5C4. Choose T > 0 so that Cie™"™" =y < 1. Let w = ﬁ Choose
01 and &> such that

01 +00 <6
and
For such values of §; and 5, we have that
[u(-, T)lo < 61,

and, in addition, by the assumption,

|h|l,(T,2T) < da.

3

Hence repeating the argument, we have that

sup |lu(-,t)[lo < 1.
T<t<2T

Continuing inductively, it is adduced that

sup ||u(-, t)|lo < d1.
>0

Let y, = u(-,nT) forn = 1,2, --. Using the semigroup property of (19), one obtains
constants C7, Cy and C3 which are independent of T and positive parameters d;
and &, such that

[Yn+1llo < Cre™[lynllo + Callynlld + Cslh

%,(nT,(nJrl)T)

for any n > 1 provide ||yollo < 01 and

sup |Al1 (7 (n < 4s.
Sp [hly o ) < 02

By Lemma 2.6, there exists 0 < v < 1, 7 > 0 and 65 > 0 such that if
lyollo < 61 bn = Cs|hl1 (ur (1)) < 02 <65

for all n > 0, then

1—v

for all n > 1, where b* = max,{b,}. This leads by standard arguments to the
conclusion of Theorem 3.3. [

lynt1llo < v Hlyollo +
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4. Forced oscillations and their stability. In this section, we consider first the
pure boundary value problem

{ut+u£+uuz+umxo, xz € (0,1), t >0,

w(0,) = h(t),  u(l,t) = us(1,¢) = 0. (23)

The boundary forcing h is now assumed to be periodic with period 7. We are
concerned with whether or not this periodic forcing generate a time-periodic solution
of (23).

1
Theorem 4.1. There exists a 6 > 0 such that if h € H? (RT) is a time -periodic

function of period T satisfying ||h||H%(0 9 < 4, then (23) admits a solution

u* € Cy(0,00; L*(0,1)) N LE,.(0, 00; H(0,1)),

loc

which is a time-periodic function of period T. In addition, there exist a n > 0 such
that if ui € Cp(0,00; L3(0,1)) N L .(0,00; H'(0,1)) is a time-periodic solution of
(23) and

[w”(-,0) = w1 (-, 0) || z20.1) < s
then u*(z,t) = uf(z,t) for any x € (0,1) and t > 0.
Proof: Choose ¢ € L?(0,1) and consider the IBVP

Up + Uy + WUy + Uz =0, x € (0,1), £ >0,

u(z,0) = ¢(z), (24)
w(0,t) = h(t), u(l,t) = uy(1,t) = 0.

For the solution u of (24), let
w(z,t) = u(z,t +7) — u(x, t).
Then w solves the IBVP
Wi + Wy + (aW)y + Weze =0, z € (0,1), t >0,
w(z,0) = ¢*(x), (25)
w(0,t) =0, w(l,t) =wy(1,£) =0
where ¢*(2) = u(z,7) — ¢(2), and a(z,t) = S(u(z, t + 1) + u(z,t)).
By Theorem 2.8, there exist 7' >0, r > 0 and § > 0,

if a € Yr satisfying ||al|y, <6, (26)
then
[w(-t)]lo < Ce™™ 6"l
for any t > 0.
To see condition (26) is satisfied, note that a(z,t) = %(u(z,t + 7) + u(z,t)).
According to Proposition 3.2 and Theorem 3.3, there exist 7' > 0, d; > 0,5 = 1,2

and r > 0 such that if
[9llo < 61, Slil;|h|%,(nT,(n+1)T) < 02,

then
[u(-,t)llo < Cre™"|llo + Co sup |hly (w1, (nr1))

and
lully,csr < Collul,t)llo + C2lhlr (4141
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for any ¢t > 0. Consequently, u € Yy and

s < (ollo + 509 A1y )

for some C' > 0 depending only on 7T'. Similarly, u*(z,t) = u(x,t 4+ 7) also satisfies

e < € (6l + 500 A1y o ) -

Condition (26) is therefore satisfied so long as §; and s is small enough. Further-
more since h is a periodic function of period 7,

sup 171 oz, (nrnyry < ClRI1 0,0)

for some constant C' > 0 depending only on 7. We have thus proved that there
exist T'> 0, § > 0, and r > 0 such that if

l6llo + 1Rl 0.r) < &
then

lw(-,t)|lo < Ce "||¢p*|lo  for any t > 0.
With this fact in hand, we can show that (23) possesses a time-periodic solution of

period 7.
Let u,, = u(x,n7) for n > 1. For any positive integers n and m,

m
§ Un+k — Unt+k—1
k=1

D Mws (n+ k= 1))l
k=1

Cefn‘r
< 2l

for any m > 1. Thus, {u,} is a Cauchy sequence in L?(0,1). Let v € L%(0,1) be
the limit of u, as n — oco. By Proposition 3.2, ||¢]l¢ < C§. Taking ¢ as an initial
data together with the boundary forcing h for IBVP (24), we claim that its solution
u* is the desired time-periodic solution of period 7.

Indeed, note that while u,(-) = u(-,n7) converges strongly to ¢ and u,4+1(-) =
u(-,nT + 7) converges strongly to u*(-,7) in L?(0,1) as n — oo because of the
continuity of the associated solution map. Observing that

[ (-, 7) = u* (- 0)llo < [Ju” (-, 7) = w* (-, 07 + 7)llo
Fllw (7 +7) = u(n7)lo + [lu”(,0) = u? (- n7)llo

||un+m - un”() =

0

IN

for any n > 1, it is concluded that
u (-, 7) = u*(-,0) in L2(0,1)

and therefore ux is a time-periodic function of period 7.

To show the uniqueness, let u] be another time-periodic solution with the same
boundary forcing. Let z(z,t) = u*(x,t) — uf(x,t). Then z solves the IBVP (25)
with @ = 1(uj 4+ v*) and ¢*(z) = uj(z,0) — ¢(z). One can show that z decays
exponentially in the space L?(0,1) as t — oo. Thus uj(+,¢) = u*(-,¢) in the space
L?(0,1) for any t > 0. The proof is complete. [J
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5. Conclusion remarks. There have been many studies concerning with time-
periodic solutions of partial differential equations in the literature. Early work on
this subject include for example, Brézis [6], Vejvoda et al [19], Keller and Ting [11]
and Rabinowitz [14, 15]. For recent theory, see Craig and Wayne [8] and Wayne
[21]. In particular, the interested readers are referred to article [21] in which Wayne
has provided a very helpful review of theory pertaining to time-periodic solutions
of nonlinear partial differential equations.

In this paper, motivated by laboratory experiments, we have studied the initial-
boundary-value problem of the KdV equation posed on the finite interval (0, 1):

Up + Uy + Uy + Ugge = 0, O<x<l, t>0,

u(z,0) = ¢(x), u(0,t) =h(t), u(l,t)=u.(l,t)=0, 0<z<l1,t>0.
(27)
We have proved that if the boundary forcing is periodic of small amplitude, then
any solution of (19) is asymptotically time periodic so long as the norm of its initial
value ¢ in the space L?(0,1) is small. In addition, the equation in (27) admits a
unique small amplitude time-periodic solution satisfying the boundary conditions
n (19), which is locally exponentially stable in L?(0,1).
We conclude the paper with a list of open questions with remarks for the inter-
ested readers to conduct further investigations.

Open problems

(1) The results presented in the paper for the IBVP (27) are local in the sense that
both amplitudes of the initial value and the boundary forcing are required to
be small. In particular, both uniqueness and existence of time-periodic solu-
tion as well as its stability are local in nature. Do those results hold globally?
In particular, is the small amplitude time-periodic solution globally exponen-
tially stable in the space L?(0,1)? A more challenging question is whether
a periodic boundary forcing of large amplitude produce a large amplitude
time-periodic solution?

(2) Study IBVP (4) of the BBM equation posed on the finite interval (0, 1) with
both the damping coefficients a = 0 and v =0, i.e.,

Ut + Uy + UUE — Uggr = 0, O<z<l, t>0,
(28)
u(z,0) = ¢(x), wu(0,t) =h(t), wu(l,t)=0, O<z<l, t>0

If the boundary forcing h is a periodic function, does the equation in (28)

admit a time-periodic solution satisfying the boundary conditions. If such a

time-periodic solution exists, how many are there and what are their stability?

The interested readers should be reminded that while the BBM equation

is usually easier to study mathematically than the KdV equation, it is the

other way around, however, for the problems proposed here. This is because

the system described by IBVP (28) of the BBM equation is conserved in the
sense the H'—norm of its solution is conserved:

d [

dt Jo

if the boundary forcing h = 0. By contrast, if the boundary forcing A = 0,

the small amplitude solution of IBVP (19) of the KdV equation (with o =0

and 8 = 0) decays exponentially to zero in the space L?(0,1). The system

(uf(z,t) +ui(x,t))dz =0 for any ¢t > 0
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described by IBVP (27) possesses a built-in dissipative mechanism through
imposing the boundary condition at = 0 although there is no damping
term appeared in the equation. A different approach is needed to study time-
periodic solution of system (28).
(3) Study the following IBVP of the KdV type equation posed on the half line
R
Up + Uy + UUy + Ugyy — QUgy + YU = 0, 0<zx, t<oo,
(29)
u(z,0) = ¢(x), u(0,t) = h(t), 0<z t<oo

where o > 0 and v > 0 are constants.

As we have pointed out in the introduction, Bona, Sun and Zhang [3] have shown
that if the damping coefficient v > 0 and the boundary forcing is periodic with
small amplitude, then system (29) admits a unique time-periodic solution which is
also globally exponentially stable in the space H*(R*") with s > 1. In their proof,
the condition v > 0 is crucial. A question arises naturally what will happen if

v = 0?7 A more challenging case is when both damping coefficients o and ~y are

zero. 2
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